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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

Let Xi,..., X, be independent and identically distributed with
density f(x;6) and 6 € © unknown.

Fisher (1925) showed that if t,(x1,...,X,) is minimal sufficient, it
satisfies
tmtn(X1y ooy Xman) = Gmn{tm(X1, -y Xm), ta(Xm+1, - -+ Xm+n) }

so that the statistic of a combined sample can be found from those
of individual subsamples.

This fundamental property of recursive computability has received
less attention than it deserves. It rules out many statistics as
minimal sufficient, as Fisher also points out. For example, the
median cannot be a minimal sufficient statistic.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

Using the exchangeability of Xi,..., X, it follows that
(Z)mn(tma tn) = ¢nm(tm tm)
¢/,m+n{tla ¢mn(tma tn)} = ¢/+m,n{¢/m(tla tm)a tn}

which in essence says that minimal sufficient statistics combine as
Abelian semigroups. So we can write

thrn(Xla cee aXern) = t(Xla cee aXm) D t(Xm+1a cee aXern)

and eventually

tm—i-n(Xl: e >Xm+n) = t(Xl) DD t(Xm+n)
where @ denotes a semigroup sum.

Exponential family theory has traditionally focused on the case
where t(x) € R9 and & is vector addition, but this is not
necessarily the most appropriate.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

Terminology here essentially follows Clifford and Preston (1961).
(S,+) is an Abelian semigroup with unit if the composition + is

associative and commutative so that
s+t=t+s, (s+t)+u=s+(t+u) e+s=s+e=s,

where e is the unit.

Examples are (No, +), (N, max), (NU {oo}, min), (R§,"), (Z,+),
(R,), ....

If the semigroup does not have a unit, one can always be adjoined,

so there is no real loss of generality. In the following we shall say
semigroup for semigroup with unit.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

The free semigroup F(X') over a set X consists of all ‘frequency
tables’ or ‘histograms’ (v, x € X) where v, € Ng and
>y Vx < 00, composed in the obvious way

(x, x € X) + (vx, x € X) = (ux + vy, x € X).

So essentially this is where all statistics begins: the statistician
looks at a collection of objects of some type and counts how may
objects there are of each type.

In other words, the empirical distribution of a sample lives in the
free semigroup.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

A (non-negative) character p on (S, +) is a homomorphism into
(Rg,-) with p(e) = 1, i.e. they satisfy

p(s +1t) = p(s)p(t)

and are thus exponential functions on (S, +).

The characters on (S, +) form a semigroup themselves under
multiplication (S*,-). This is the dual semigroup.

We shall assume that the semigroup S is strongly separative
meaning that the bounded non-negative characters separate points.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

(Hewitt and Zuckerman 1956) shows that this holds for all
complex characters if and only if

St+ts=s+t=t+t — s=1t.
For non-negative real characters further conditions need to be

satisfied (Lauritzen 1988), we omit the details.

A semigroup is strongly separative if and only if it is a
subsemigroup of a disjoint union of torsion free groups, ie. in the
finite case groups of the form Z9.

We can assume without loss of generality that the semigroup is
strongly separative by taking quotients of the congruence

s~t <= p(s)=p(t) forall pe S~

If the original semigroup is not strongly separative, the quotient
semigroup will be.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

A filter is a subsemigroup of (S, ) with
s+teF = s,teF.

So filters correspond to faces of convex sets.

A prime ideal | is a subsemigroup of S so that
at+bel = aclorbel.

Clearly, F is a filter if and only if S\ F is a prime ideal.

Since the intersection of filters always are filters, we have for every
element s € S a unique smallest filter Fs containing s.

The filter components are the equivalence classes of the relation
s~t < Fs=F;.
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Semigroups Motivation

Basic properties

Characters, filters and prime ideals

The support FP of a character p is a filter:
F? = {s|p(s) > 0}.

Indeed, all filters are support filters for some character, since the
indicator x£(s) of a filter F is a character.

Classic exponential families have fixed support. The
Fisher-Darmois-Koopman-Pitman theorems says that if the support
is independent of the parameter and the sufficient statistic has
fixed dimension, then the statistical model must be exponential.

In some sense the focus on ‘fixed dimension’ and ‘fixed support’ is
off the point.
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

With a slight twist compared to Lauritzen (1975, 1988), a full,
canonical exponential family of densities f(x; 6) on a space X’ has
the form

_ dPy(x)
==

where (S, +) is a semigroup generated by t(&X’) and

o— {9 € S* | c(8) = /9{t(x)}u(dx) < o0, }

f(x;0) =0{t(x)}c(0)7t, €O

i.e. the domain of the Laplace transform 0 of v = o t™1;

c(6) = () = / 0(t(x)} u(dx).

The Laplace transform for semigroups has been studied by Berg
et al. (1984).
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

Note that semigroup exponential families are typically different
from the extended exponential families introduced by
Barndorff-Nielsen (1973, 1978).

A standard canonical exponential family is defined as
P ={Py,0 € O} where

dP,
Fxi0) = 9 _ T gyt e o
du
with © C R? the domain of the Laplace transform.
For discrete and finite sample spaces the extended exponential
family is simply defined as the weak closure P of P.

It can be shown to consist of all distributions of the form Py(-|F),
where F is a face of the convex support of P and Py € P.
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

It can be shown (Lauritzen 1982, 1988, Ressel 1985) that if a
probability distribution on X is summarised by a semigroup
statistic t such that

p(xi, ..., xn) = ¢{t(x1) + -+ t(xn)}

then it is a mixture of exponential family distributions in the sense
defined:

P, %) = /S (0)"01t(x1) + -+ t(x:)} M(d0)
_ / T <(0) "0 t(x)} M(d0)
i=1

so that, conditionally on 8, X; are independent and identically
distributed.
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

The likelihood function for a sample X; = x1,..., X, = x, Is

_0{tGa) o+ )} Ot}
(o) (o)

L(0)

If we extend L to the compact set
{(NO):0<A<1,6€e D}

by letting
L(X,0) = AL(6)

L is continuous and attains therefore its maximum, which must
happen for A = 1.

Hence L attains its maximum over ©.
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

There is a unique 6 € © so that L attains its maximum at 6.

For if this were not the case and
L(61) = L(62) = L(0)
for 01 # 6>, we would have
91 tn 92 ~
L vV 9192 = 91 92 9
( ) c(v919 )
The inequality follows because

V6102) Z\/91{t )302{t(x)}(x) < V/e(61)c(62).
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

Let t, = t(x1) + - - - + t(xn). It then holds that the support of  is
the smallest filter containing ty,:

FO=F,

For else L( - XF,) > L(f). Further if 0* satisfies

9*(tn) = nEo« < lo w or a * wi =
o n(tn) i {l & n{(t(X)}} ereln st F(tl)

then 0 = 0*.

A condition similar to steepness is needed in general to ensure
existence of a solution to (1). In the case of X" being finite, this is
easily seen to be satisfied.
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Definition
Extended exponential families
Exponential families de Finetti type theorems

Existence of MLE
Uniqueness of MLE
Estimating equation

In the finite case these facts essentially reduce the estimation
problem to the calculation of Fy,.

Once this is done, the estimation problem is essentially done in the
classical exponential subfamily of distrbutions with support exactly
on Fy,.

However, this is not necessarily easy in general and in some cases
identical to identifying faces of convex polytopes.

However, it might be possible that modern computational algebraic
geometry could help solving this problem?
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

For (S,+) = (N, max) the characters are indicator functions

0(x) = Xp.01(x)

and the exponential family is the set of uniform distributions on
{1,...,0} for € © =N:

f(x;:0) = 07 xj0,0)(%)-
The maximum likelihood estimate based on Xi,..., X, is

é\: max{Xl, v ,Xn} = X(n)

Note, as it should be, Fo — [0, 9A]
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

Similarly, for (S,+) C (R?, (min, max)) we have a two-parameter
family of characters

0 = (A p), A < powith 6(x) = x)» (%)
and the associated exponential family

1
f(x;0) = ﬁX}A,M](X)

and MLE equal to

QA = (min{Xl, ‘e ,Xn}, max{Xl, oo ,Xn}) = (X(l), X(n))
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

(N, ) is isomorphic to the free semigroup F(IP) over the prime
numbers IP through the representation of any integer as the
product of its prime factors:

x =[] 7™ ~ {va(x),m € P}.

el

A character 6 can be represented as
0= {0 meP), 0(x)=]]0r™
el

so that the probability mass function becomes

p(x; 0) I

meP

where

¢(0) = [ ] (1 — 6x).

TclP
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

For the Laplace transform ¢(0) to be finite, # must satisfy
Z 0, < oo.
s

The corresponding exponential family has v (X) geometrically
distributed with parameter 6, independently for all 7. From

observations Xi, ..., X,, the MLE is

A ve(X1) + oo v(Xn)  ve(Xe- Xa)

T4 ue(X) o ve(Xn) nFue(Xe- Xp)
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

Let for AC V
X =Xyevdy, Xa= X,cakia

and
ta . X — IF(XA), tA(X) = 6XA'

Define further
ta = (ta, A€ A).

The corresponding exponential family is a hierarchical log-linear
model. Most characters have the form

0 ={0a,Ac A}, 0O(ta,Ac A)= H H QA(XA)tA(XA)

AEA xpEX,

but some do not factorize.
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Uniform distributions
An unusual example
Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

NN .
1 0 0 1

0 0 0 0
1 D 0 0 I:I 1
0 0
0 I:I 0
The uniform on these 8 configurations is part of the exponential
family for the hierarchical log-linear model with generating class
A=1{{1,2},{2,3},{3,4},{1,4}} and the free semigroup over this
set is a filter in the image semigroup of the statistic.

Its density does not factorize but the distribution is limit of
factorizing distributions (Moussouris 1974).
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

For a binary matrix, Rasch (1960) considered models for
intelligence testing based on the fundamental assumption that the
row sums and column sums are sufficient. Each row would typically
correspond to an individual who scored either 1 or 0 for a number
of tasks, represented by the columns.

In an exchangeable version, a more natural summary statistic
would be the empirical distribution of the row- and column sums:

t(X) = (pi70j7iaj = 1327)

where p; is the number of rows with sum i and o; the number of
columns with sum j.
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

The strictly positive characters of the image semigroup were found
in Lauritzen (2003) and correspond to random effect Rasch
models, whereas there are some nasty but interesting characters
associated with partially degenerate distributions (some individuals
never being able to do some tasks etc.).
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Uniform distributions
An unusual example

Examples Hierarchical log-linear models
Exchangeable Rasch matrices and random graphs

If the binary matrix is considered to be the adjacency matrix of a
random (bipartite) graph, the statistic

t(X) = (pivaﬁ Ia./ = 1727 .. )
would correspond to the empirical distribution of the in- and
out-degrees. The positive characters would then correspond to

latent space network models (Hoff et al. 2002), see Lauritzen
(2008).
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