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“Incomplete A-Hypergeometric Systems”
(arXiv:0907.0745 [math.CA])

e Generalization of the theory of A-hypergeometric system
e Definition of incomplete A-hypergeometric system
e For incomplete Ay X Aj-hypergeometric system,
- Contiguity relation
- Series solution
- Monodromy formula
- Connection formula
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Motivation |

e JST CREST project
keywords : statistics, Grébner basis

e Incomplete beta function

B(a,B;y) = fy s*71(1 - 5P 1ds
0

e Beta function

1
B(a,p) = fo s 11 - 5P lds

e [0,1] is a cycle, but [0, y] is not a cycle.
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Motivation Il

e Marginal Likelihood Integrals for Mixtures of Independence
Models.

arXiv:0805.3602v1 [stat.CO], Shaowei Lin, Bernd Sturmfels,
Zhigiang Xu

U;;
l—[ (ﬂ A0, +Tpg1)p<_2)) w
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D:zx+t=1m7204" +A§) +,1§;1) + A = 1,1(1” >0,...

e M.A.Chaudhry, Asghar Qadir,

Incomplete Exponential and Hypergeometric Functions with
Applications to the Non Central y2-Distribution. Communications in
Statistics — Theory and Models 34
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Incomplete A-Hypergeometric Systems |

Definition (Incomplete A-Hypergeometric Systems)

We call the following system of differential equations H 4 (B, g) an
incomplete A-hypergeometric system: for A = (a;;)

[Zn:aijxjaj—ﬁ,-]of = g i=1, ,d)
j=1

[ll[(?'." - ﬁ&v_j]of = 0

i=1 ' J:l g

withu,v € Ng running over all u,v such that Au = Av.

Here, Ny = {0,1,2,...}, and 8 = (B1,...,B4) € C¢ are parameters
and g = (g1,..., 24) Where g; are given holonomic functions
which may depend on parameters .
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Incomplete A-Hypergeometric Systems Il

A multivalued holomorphic function g on a Zariski openset in C" is
holonomic < there exists I c D such that
e D/I :holomonic
eJeg=10

Theorem

Solutions of the incomplete A-hypergeometric system are
holonomic functions.

e f : holonomic = there exists a homogenious system of
differential equations.

e We can apply some algorithms for holonomic systems.
e To find candidates of series solutions
e Contiguity relation, etc....
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Example I. The incomplete beta function

B(a, B y) = f " g1t - gp-1dy

0

Replacing s by y¢, we have
1
Blawgin =57 [l - yofar
0

Put B(a,Bsy) = y*B(B - Lo~ 1:1,-y)
where B(ﬂ -La-1;x1,x3) = fo t" Y(xy + x0)5~1dt.
The function B is a solution of an incomplete A-hypergeometric

system H4(B, g) for A = ((1) 1) parameter: (8- 1, — 1),

21 =0, = (x1 + x5 L,
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Incomplete A; x A;-hypergeometric functions

Definition (Incomplete A; X Aj-hypergeometric function)

We assume 0 < a < b for simplicity.

b
O(ay, a2,y — 15x) := f 17 (x11 + x210) " (x12 + x228)7dt
a

for x;j > 0 and Re (y), Re (a;) > —1.

The integral and its analytic continuations satisfy the following
incomplete A-hypergeometric system.

(011022 — ez 921912) of =0

X2x1
O +6y—apef =0
B2+ 6n—az)e f =0
O +0n+y+Def  =[gt,0)]'>

where, 0;; = x;j8ij, g(t,x) = 7 (x11 + x210)™ (x12 + X228)*2.
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Example Il. The incomplete elliptic integral of the first kind

F(z; k) = f i dx
0 VA - x2)A - k2x2)

Replacing x2 by z*¢, we obtain

1 1
Flz; k) = Ezf i1 - 20711 - K2 .
0

The incomplete elliptic integral of the first kind can be regarded as
a solution of an incomplete A; x Aj-hypergeometric system

01 01
x11 =1, x21 = —z2%x21 = l,lez = —k*2%, )
g1=8=0,g3=z(1-2)"2(1 - Kk*z»)2.

1100
Hy(B,g)for A = [0 0 1 1],3—(—2, 3 =3
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Homogeneous system

Solutions of Ay x Aj-hypergeometric system satisfy the following
relatively simple holonomic system.

(011022 -z 921912) of =0
(Or1+60n—ar)e f =0

Oz +0n—ar)e f =
(022 — a021)(012 — bO11)(O21 +Op+y+ D e f =0

(621 + 0 +y + 1) o f = [g(t, 0)]/="
(022 — ad21)(012 — bd11) ® [g(t, )]IZ> = 0
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Series solutions |

We define the following 4 series.

0 _ ey o Z (=1)k*m (—a)i(—a2)m

=x X -
12 1n 12 y+k+m+1 D)D)

k,m>0

k m
. (b7+k+m+1 _ ay+k+m+1) (x21) (xzz)
X1 X12

11 _ (01,0 Z (=1 . (—a)i(—a2)m
y+a+k-m+1 D)D),

22 1 22
+ay+k—m+1 +ay+k-m+1y [ %21 kixp\m
. (by 2 —_ a}' 2 )
X1 X22

k,m>0

21 _ (1,0 Z (=)™ . (—a)(—a2)m
y+ao—k+m+1 D)D),

12 21 12
+ay—k+m+1 +ay—k+m+1y [ X11 kxp\m
. (b)' 1 —_ a}' 1 )
X21 X12

k,m>0

21 _ L Z (=1 . (—a)(—a2)m

k,m>0 Y tart+az - k —m+ 1 (l)k(l)m

k m
. (by+al+az—k—m+l _ ay+aq+arz—k-m+1) (xn) (xlz)
X X
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Series solutions Il

We assume thaty ¢ Z.

@ The series fl’;[ converges on the domain Di’;".

@ The function f,];[ satisfies the incomplete
A1 X Aq-hypergeometric system for a branch of [g(t, x)];:Z'

Q f1121 can be expressed in terms of the Appell function Fy as

b+ ( —x21b —x3b
11 (S5}
= X X F, )’+13-0/1,—€¥2,)’+2a [
2 1112 (7 +1 X11 X12
artl —X21a —Xna
- Fl (7+17_aly_02,7+2’ ,_)
1 X11 X12

v

Kenta Nishiyama, Nobuki Takayama (Kobe Universityd JST CREST) Incomplete A-Hypergeometric Systems



For the incomplete elliptic integral of the first kind:
1 1
Fz;b) = 52 f 711 - 2071 (1 - K22 1dt,
0

let us apply Theorem to obtain an expression of F(z; k) in terms of
the Appell function Fj.

Example

Put x11 = 1,x21 = =24, x12 = 1,x2, = —k?2z% and

@1 =a; =y =-%,a=0,b =1 Then we have
1 1 11 1 2 k2
F(z;k) = =z - Fl(__+1’_9_’__+29z_,k_z)
141 27 72’2 2 171
1113 , ,,
= ===y 325k
¢ 1(2 222" )

(http://functions.wolfram.com/08.05.26.0006.01)
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Future studies

e Incomplete A1 X A,-hypergeometric system
e Incomplete A x Ap-hypergeometric system
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Future studies

e Incomplete A1 X A,-hypergeometric system
e Incomplete A x Ap-hypergeometric system

Thank You !!
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