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Total positivity

K : R? — R is totally positive of order d if, foralln =1, ... ,d,

K(ul, ”Ul)
det (K(ui,vj)) = :

nxn

K (up,v1)

whenever u; > --- >ugand vy > --- > vy

The basic idea underlying classical TP:

K (uy,vy)

K (up,vn)

Square matrices A for which all minors are nonnegative
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Fundamental examples of T'P kernels
K(u,v) = exp(uv), wu,v€R

Random walks, hypergeometric functions of matrix argument,
statistical inference, Lie groups, random matrices, . ..

K (u,0) 1, fu>wv
U, V) = _
0, otherwise

Approximation theory, game theory, economics, probability
Inequalities, combinatorics, ...
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Karlin, “Total Positivity,” 1968

Schoenberg, Gantmacher, Krein, Pdlya, Szeg0d, Karlin,

McGregor, Whitney, Aissen, Hirschman, Edrei, Motzkin,
Studden, Ando, Cryer, Loewner, Pinkus, Rinott, Lusztig,
Fomin, Brenti, Williams, Gross, rihas, . . .

Statistics, mathematics, game theory, economics, physics,
computer science
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Generalizations of total positivity for kernels on R?
Karlin and Rinott (1980): Multivariate TP

Rinott and Saks (1993)

Correlation inequalities for random vectors

FKG Inequality

Gross and R. (1995): TP and finite reflection groups
Hypergeometric functions of matrix argument

R. (2004): Generalizations of the FKG inequality
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S,,: The symmetric group on n symbols
Fundamental Weyl chamber:

Cn={(t1,...,tn) ER" 1t > - >t,}

TP4: For (uy,...,ug) and (vy,...,vq) € Cq, all minors of
the d x d matrix (K (u;,v;)) are nonnegative:

n
Z sgn(o H (wj,vg.5) >0

ces,,

Gross and R. (1995): Replace S, by W, a finite reflection group;
replace C,, by the corresponding fundamental Weyl chamber
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1. A nice (positive, Borel) measure on R

Basic Composition Formula: If K, L are TP, then so is the
kernel,

M (u,v) :/RK(u,t)L(t,v) dp(t)

Binet-Cauchy formula for determinants:

det (M(ui,vj)) = /Cdet (K(ui,t]‘)) det (L(ti,vj)) H d,LL(tj)
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Hyperdeterminants

i1,...,%9m: Indicesin {1,...,n}
A(ig,...,19m) € Cforeach (iy,...,iom)

Multidimensional array: A = (A(i1, . . . ,i2m))

nx--Xn
Cayley (1843,1845,1846): The hyperdeterminant of A

Det (A(”h, . ,iQm))

2m n
::% Z Hsgn(ak)-HA(al-j,...,02m°j)

O'1,...,O'2m€6n k:]. ]:1
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Sokolov, Lecat, Gasparyan, Oldenburger, Rice, Hval, ...
E. Pascal, “Die Determinanten,” 1900

Gel'fand, Kapranov, Zelevinsky, “Discriminants, Resultants,
and Multidimensional Determinants,” 1994

Connections with Grobner bases
Matsumoto, Evans, Gottlieb, Sturmfels

m = 1. Hyperdeterminant is the classical determinant

Many properties of determinants extend to hyperdeterminants
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Laplace expansion

FiXOSrgn, Ilz(ll’l,...,ll’r),1§l1’1S---<l17~<n

— 3 —

Define I = {1,...,n} \ Iy; then,

() (B

2m I I
Det(A)= > [[sen(os) - Det|Aa| | |Det|al|

Iy Jom k=2 \ \IQm)) \ \1_2:m /

12 — (l2,17 0 0 o 712,7“)7 oo 7I2m — (l2m,17 0 0 o 712m,7“) S {17 0 0 ¢ 7n}r

o}, is the permutation restoring {I;, I;} to standard order
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The hyperdeterminant is a multi-sum of classical determinants

2m—2

Det (A(il, e ,izm)) — Z H Sgn(ak)

O'1,...,0'2m_2662 k‘zl

- det (A(m “lyeeny, O2m—9 i,iaj))

nxn
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The case d = m = 2:

Det (A(Zl, SR 7i4))2><---><2 —

A(1,1,1,1)
A(2,2,2,1)

A(1,1,1,2)
A(27 27 27 2)

A(1,2,1,1)
A(2,1,2,1)

A(1,2,1,2)
A(2,1,2,2)

A(2,1,1,1)
A(1,2,2,1)

A(2,1,1,2)
A(]~7 27 27 2)

A(2,2,1,1)
A(1,1,2,1)

A(2,2,1,2)

T A(1,1,2,2)
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Hyperdeterminantal total positivity

Definition: K : R*"™ — R, is HTP, if, foralln =1,...,d,
Det (K(ajl,i17x2,i27 e 7$2m’i2m))1§i1,...,i2m§n 2 O

for all vectors (zx 1,...,%kn) € Cny 1 <k <2m

The basic idea: An array Is HTP if its sub-arrays all have
nonnegative hyperdeterminant

If all Det(K) > 0 then K is called strictly HTP,; (SHTP,)
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Recall that K (u,v) = exp(uv) is STP,, on R?

Generalization to multidimensional arrays

Theorem: K (t1,...,tam) = exp(t1 - - - tay,) IS SHTP,, on R*™:

Det (K(azlﬂ;l s LDy« » ,ZBQm,iQm)) > 0

nx---Xn

for all n > 1 and all vectors (z1,...,25n) €Cn, 1 <k <2m

Extensions to generalized hypergeometric series

al,...,a
K(tl,...,tQm):qu( p;tl“°t2m>

bi,. .., bq

—n. 16/2



Functions ¢, : R — C, 1<k <2m,1<:<n
A, .. yiam) = /R S N8 B () )

The Binet-Cauchy formula for hyperdeterminants:

Det (A(il, e ,iQm))

/ H det qbkz m]>)1<zg<n H d’u :BJ

"kl
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Basic Composition Formula for HTP kernels

Kernels: Lg(i,t) = ¢ri(t), 1 <k <2m

Construct the n x - -- x n array,

Ain, -y iam) = /R B ()< B () ()

If the kernels Ly, all are TP, then (A(i1, ..., 42m)) is HTP,
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1, ifu>w

TP kernel: K (u,v) = _
0, otherwise

)L Fur>2v >us 20> > up > vy
0, otherwise

Generalization to HTP
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The kernel

1, ift1 > >toy
0, otherwise

K(ty,...,tom) = {

IS HTP.. Moreover, for xx = (zx1,...,%kn) € Cny 1 < k < 2m,

Det (K(:Cl’zly ) 7aj2m,'l:2m))n><...><n

- 17 If L1,1 > e ZZUQm,l >5131,2 > oo ZZUQm,Q > e
0, otherwise
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Applications to statistics
Probability inequalities

Spectral properties
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