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1. Polytope = Variety

P C R

Do1 P11

I

Doo P1o

PnNnze

(rys,t) —

Poo

P1o

A= (PnZzi x1

Poo Pio Po1 P11
(t, rt, st, rst)



point configuration homomorphism

A= (PnZi x1

Clpij] — Cjr,s,t]
Po1 P11 Poo +—
g Pio +— rt
Doo P1o n = o
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point configuration homomorphism

A= (P x1)nZz?

Clpij] — Cjr,s,t]
Po1 P11 Poo +—
v po
Doo P1o n = o
P11 > rst
Grébnertoric
fiber products
oF s orThes linear relation binomial relation

degree bounds

Ip = <P00p11 — P01P10>

toric variety
XP N IP)4—1
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toric ideals Po1 P11

<
Poo DP1o
e semi-stabile reduction of families over curves
Grébnertoric [Kempf et aI 1973]
flber products e g-Theorem for simplicial polytopes [Stanley 1980]
GB'’s of TFP's

e McKay correspondence [Batyrev 1999

degree bounds

e weak factorization of birational morphisms
[Wiodarczyk et al. 2003]

e log-linear statistical models
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2. Toric Grobner Bases

Ip = (poop11 — Po1P10) has two Grobner bases.

g1 = pooP11 — Po1P10 G2 = pooP11 — Po1P10
1
polytope = variety 1

% 0

=

o~ ::

fiber products : co 0
GB's of TFP's - Dot 21) . Po1 21)

: V 11 : ’ 11
degree bounds
DPoo D1o Poo Dio
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Theorem [Kapranov, Sturmfels, Zelevinski 1992]
Ip has a square-free initial ideal

X

P has a regular unimodular triangulation

In that case, the Grobner basis can be read off from the
triangulation.
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degree bounds
ww — v?, uy — vz,
uz — vy, vz — Wy,
wr — vy, £z — Y
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Uu v w z
polytope = variety m y
T Y z T

fiber products

GB'’s of TFP's

degree bounds uw — ,02 s UY — VI, ryYyz — w3
uz — VY , Vz — WY,

wzx — vy, rz — Y*
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u v w z
polytope = variety m y
T Yy z T

fiber products

GB'’s of TFP's

degree bounds uw — v, Uy — v, ryYyz — w3
Uz — vy, vz —wy,

wzx — vy, rz — Y*
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Example [Ohsugi, Hibi 1999]
Ip without square-free initial ideal.

dim P = dim Xp = 9, Xp C P14

PI’OO'F: Grg = {XgX12X15 — XgX11X13, X6X11X14 — X7X12X15, XsXgX14 — X7X9X13,
X4X13X15 — X5X11X14, XaXoX13® — X5XgX12X14, XaXgX12X152 — X5XgX117X14,
XaX6X13 — X5X7X12, XaXeXgX15 — X5X7XoX11, XaXe”XgX14 — XsX7°XoX12,
XpX12X14 — XaX13X15, XoXoX11X14 — XgXgX152, XoXgX12°X14 — X3XgX11X137,
XoX7X12% — XgXeX11X13, XoX7XgX12 — X3XeXgX15, XoX7Xg2X11X13 — XgXeXg?X157,
XoX72XoX12% — XaX“XgX11X14, XoXgX11X142 — XgX7X13X152, XoXaX12 — XaXsX11,
XoX4XgX13 — XaX5XgX15, X2XaXeX14 — X3X5X7X15, X2Xa’XoX13" — XaX5°XgX11X14,
XoXa?X6X13 — XaXs2X7X11, XoXa?Xg?XgX14 — XaXs2X7°XoX11,
Xo%XaXgX12X14 — X3°XsXgX152, X1X12X14 — X10X11X13, X1XoX14 — XgX10X15,
X1X7X12%X15 — X6X10X11°X13, X1X7XgX12 — XeXgX10X11, X1X7X9”X13 — XgXg°X10X15,
X1XgX14° — X7X10X13X15, X1X5X12X14? — XaX10X13°X15,
X1X5X72Xg?X12 — XaXe?Xg”X10X15, X1XaX12X15 — XsX10X11°,
X1X4XgX13 — X5XgX10X11, X1 XaX9?X13> — X5Xg2X10X12X15, X1XaXeX14 — X5X7X10X11,
X1XaXe2X14% — X5X7°X10X12X15, X1Xa2XgX13X15 — X52X7X10X11,
X1X3X15 — X2X10X11, X1X3X9X13 — X2XgX10X12,
X1X3XeX14 — X2X7X10X12, X1X3X5X14 — X2X4X10X13,
X1X3X5X7Xg — XoXaXeXgX10, X1X32XeX13X15 — Xo?X7X10X127,
X1X3ZX5X15 — Xo?XaX10X12, X1Xa?X52X7X15 — Xo?XaZXeX10X13,
X12X4XoX12X14 — XsXgX10°X11%, X1°X3XoX14 — X2XgX10°X11,
X12XaX7X9?X13 — XoXXg?X10°X11, X1°X3X6X14” — XoX7X10°X11X13,
X12X3?X5XoX14 — X22XaXgX10°X12}.
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unimodular

Definition
A lattice simplex P C R% is unimodular if

vol P = 1/d! .

A triangulation is unimodular if all its simplices are.

polytope = variety

fiber products
GB'’s of TFP's
degree bounds
unimodular not not
unimodular unimodular
011
21| — _
[13] =3 101 =2
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Positive Examples

e smooth surfaces [Bruns, Gubeladze, Trung '97]
e order polytopes [Santos '97, Ohsugi & Hibi '01]
e root systems [Ohsugi & Hibi '01]

polytope = variety

e smooth, all lattice points vertices [E'M]

fiber products

e many smooth Fano varieties [X Piechnik, Paffenholz '04]

GB’s of TFP's
e Veronesoid embeddings
[Stanley '77, Sturmfels '96, Lam, Postnikov '05]

degree bounds

e smooth 3 X 3 transportation polytopes
[X Paffenholz '06]
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3. Toric Fiber Products

Definition [Sullivant 2007]
Suppose

/

P QP

are lattice preserving polytope projections. Then the fiber
product P X g P’ is the polytope

polytope = variety

Grébnertoric {(p, p,) 6 P >< P, . 7T(ZQ) — 7T,(ZD,)} :
GB’s of TFP's
degree bounds
P x P @ — <> P’
P o ® ° —

.—.—.Q
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Definition [Sullivant 2007]
Suppose

/

P Q&P

are lattice preserving polytope projections. Then the fiber
product P X g P’ is the polytope

polytope = variety

Grébnertoric {(p, p,) E P X P, . 7.‘-(1)) — Tr,(p,)} :
GB’s of TFP's
degree bounds
o iy - o
P o—o—o —

.—.—.Q
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Example [Buczynska, Wisniewski 2009]
Binary Jukes-Cantor models for trivalent trees (and other
group based models).

polytope = variety .
15 Tk

Grébnertoric

fiber products

GB'’s of TFP's

T = (V, E) trivalent tree with V.= L U N.

degree bounds

P:= {z €{0,1}F : x; < z; + ay
a:l—l—a:J—I—:Izk even
forall T« A}
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Example [Buczynska, Wisniewski 2009]
Binary Jukes-Cantor models for trivalent trees (and other

. Y group based models).
,

polytope = variety
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GB'’s of TFP's

T = (V, E) trivalent tree with V = L U N.

degree bounds

P := conv{]lE/ : E’ C F joins even subset L' C L}
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4. Grobner-Bases for Toric Fiber Products

/

) 2N Q < P’ lattice preserving projections

Theorem [M Kubjas, Paffenholz 20107]

(Q with regular unimodular triangulation S,

P with regular unimodular triangulation refining w*S,
P’ with regular unimodular triangulation refining #’*S

polytope = variety
Grébnertoric
fiber products

GB'’s of TFP's

degree bounds

then P X g P’ has a regular unimodular triangulation.
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/

P =5 A <& P’ lattice preserving projections

Corollary [Sullivant 2007]
P and P’ with regular unimodular triangulations,
then P X A P’ has a regular unimodular triangulation.
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pull-back subdivisions m* A

polytope = variety
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o—0 ° ® @ @ ®
integral not integral
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Chimney-Lemma [Dais, X, Ziegler 2001]
Q@ with unimodular triangulation 7,
dim P =dimQ + 1,

then every full refinement of w*7 yields a
unimodular triangulation.
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not so easy

(] (] ®
polytope = variety : >
Grébnertoric
fiber products
7T
GB’s of TFP's

degree bounds %‘

(push-forward subdivision 7, A)
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impossible
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products

P, P’ with regular
unimodular triangulation,

N

subdivision of P X P’ into
products of unimodular simplices

\

unimodular

triangulation
of P X P’



Lemma /
A, — Ay —— Ay lattice preserving projections,

then Ay XA, Ag is integral and compressed.
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5. Degree Bounds
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