CMC-Lab

Shimpei Kobayashi
April 2, 2007

0-0



o Basic examples

)

2) o Dorfmeister-Pedit-Wu method
) o Further examples and explanations
)

4) o Algorithms for CMC-Lab



1 Installation of CMC-Lab

Fact : CMC-Lab was constructed by Nicolas Schmitt for research of
constant mean curvature surfaces.

(1) Linux version
= KNOPPIX/Math 2006

(2) Java version
= http://tmugs.math.metro-u.ac.jp/javacmclab030926.zip



2 Dorfmeister-Pedit-Wu method

Isomorphism of vector spaces:

R <= su(2) = {A € Mat(2,C); A'=—-A} |

Adjoint group actions on su(2) by SU(2) <= Rotations of R3 by SO(3)



Generalized Weierstrass Representation

(Dorfmeister-Pedit-Wu, 1998)

Stepl :

o n(z,A) =Y A\'dz.

n=—1

o 2 x 2 matrix differential form.
o diagonal even in )\, off-diagonal odd in A.
o A, are holomorphic with respect to z.

O detA_1 # 0.



Step2 : Solve the ODE dC' = Cr.
Step3 : lwasawa decomposition: C' = FW,

o F=F(z%M\)isunitary forallze ®,\ € S’

o W, = i Wi A"

n=0

Step4 : (Sym- Bobenko Formula)
Uy\(z) = (INELF)F 1+ Fi 1

2H

7, is a CMC-immersion from © to R”.
Every CMC-immersion can be obtained this way.



3 Algorithm for CMC-Lab

Algorithm for Step3

Lemma 1 Let C € ASLy(C) and C*, C? be the columns of C. If
r,y € W N (AW)L, then

(z,9)c2 = (z,y)mg and dim(W N AW)H) =2 ,

where
1 d\

<5’7>y>H = % CT<CU>?J>@27 :
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Theorem 2
W = span{C", \C",--- ,C*, \C?,---} .

Set
P7 . C7 — AW (projection to A\WW) .

and
P = (P, P?%.
Then P = CB, for some loop B, with positive Fourier terms. Set
G=(G.G")=C—-P .
Take unitary part of GG via Hilbert norm, that is, G = F'By

el (exeiel)
H= ( 0 \(;2—Gl/|Gl|<G2,G1/!G1|>|)

Then C = F - Bo(I — B,)~ ! is the lwasawa decomposition of C'.
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Problem : Find the projection P!
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Proposition 3
A=1{ai,---,a,} : abasis for C".
Take 0 < r < n,
p:C" — C" : projection to the subspace {ay,--- ,a,},

A=(a, - ,a,) € CL,(C) .

5 I. 0
p— ( O OM> € M,,.,(C) .

Then p can be written as follows:
1 APAY,
2 UPU?,
where A = UT" is the QR-decomposition of A.

and
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Algorithm : Take a loop

n 11\ k n 12\ k

y <2k_na§1Ak e
n n

S g2NE N g22)

) e ASLy(C) .

Set r is even, /2 < n,
0 = Y apt AR 0y — Y ap? Ak
Say) o =\

AV = Span{)\al,)\2a1,--- N2a1. Aag, - - - ,)\T/Qag} .

Then the projection p can be computed by Proposition 3 as follows:

and

~

(U, 0)P(Uy,0)
T, 0

where (Ag,0) = (U, 0) (0 0

) Is QR-decomposition of Aj.
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n—r/2
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